Einstein gravity 3-point functions from conformal field theory by Afkhami-Jeddi, Nima et al.
ar
X
iv
:1
61
0.
09
37
8v
2 
 [h
ep
-th
]  
10
 N
ov
 20
17
Einstein gravity 3-point functions from
conformal field theory
Nima Afkhami-Jeddi, Thomas Hartman, Sandipan Kundu, and Amirhossein Tajdini
Department of Physics, Cornell University, Ithaca, New York
na382@cornell.edu, hartman@cornell.edu, kundu@cornell.edu, at734@cornell.edu
Abstract
We study stress tensor correlation functions in four-dimensional conformal
field theories with large N and a sparse spectrum. Theories in this class are ex-
pected to have local holographic duals, so effective field theory in anti-de Sitter
suggests that the stress tensor sector should exhibit universal, gravity-like behav-
ior. At the linearized level, the hallmark of locality in the emergent geometry is
that stress tensor three-point functions 〈TTT 〉, normally specified by three con-
stants, should approach a universal structure controlled by a single parameter as
the gap to higher spin operators is increased. We demonstrate this phenomenon
by a direct CFT calculation. Stress tensor exchange, by itself, violates causal-
ity and unitarity unless the three-point functions are carefully tuned, and the
unique consistent choice exactly matches the prediction of Einstein gravity. Un-
der some assumptions about the other potential contributions, we conclude that
this structure is universal, and in particular, that the anomaly coefficients satisfy
a ≈ c as conjectured by Camanho et al. The argument is based on causality of a
four-point function, with kinematics designed to probe bulk locality, and invokes
the chaos bound of Maldacena, Shenker, and Stanford.
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1 Towards Einstein Gravity from CFT
AdS/CFT strongly suggests that spacetime is emergent in quantum gravity. It is an
approximate, low-energy description of the fundamental microscopic degrees of free-
dom, and its most basic properties, including locality and gravity, arise from collective
dynamics of those microscopic constituents.
Many features of gravity, from scattering to black hole entropy, can be reproduced
by microscopic CFT calculations in supersymmetric gauge theory [1]. But holographic
duality is likely to extend to a very large (perhaps infinite) class of CFTs, with and
without supersymmetry. The theories in this universality class differ in their micro-
scopic details, but all produce emergent geometry at low energies, and all exhibit the
rich phenomena associated to Einstein gravity in the bulk. The mechanism responsible
for this remarkable universality in a class of strongly interacting quantum field theories
remains, to a large extent, mysterious. Although specific examples can be matched in
great detail, there has been no universal CFT derivation of the Bekenstein-Hawking en-
tropy formula, the universal ratio of shear viscosity to entropy density η/s = 1/4π [2],
or indeed any other prediction of Einstein gravity in more than three bulk dimensions
— without higher curvature corrections — that is not fixed by conformal invariance or
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other symmetries. A universal explanation should not only match the correct answer,
but also shed light on why it is independent of the microscopic details.
On the gravity side, universality is guaranteed by effective field theory. At low
energies, any theory of quantum gravity is described by the Einstein action, plus small
corrections suppressed by the scale M of new physics:
S ∼ 1
GN
∫ √−g (−2Λ +R + c2
M2
R2 +
c3
M4
R3 + · · ·
)
. (1.1)
Typically the dimensionless coefficients ci in effective field theory are order one, so
that the Einstein term dominates at low energies, and the theory is local below the
cutoff. This suppression of the higher curvature terms is responsible for universality –
it ensures, for example, that black hole entropy is Area/4GN up to small corrections.
But if we choose the higher curvature terms to be ghost-free, then we can attempt to
tune up the coefficients, ci ≫ 1. The theory is still weakly coupled due to the overall
1/GN . If this tuning is permissible, then universality may be violated, since the higher
curvature terms modify the theory at energies much below the scaleM of new particles.
At the level of 3-graviton couplings, it was shown by Camanho, Edelstein, Malda-
cena, and Zhiboedov (CEMZ) [3] that such tunings are, in fact, not allowed. They
would lead to causality-violating propagation of gravitons in nontrivial backgrounds.
There is some question as to whether this is acceptable classically [4,5], but in any case,
it is incompatible with unitarity in the quantum theory [6]. The conclusion is that uni-
versality of the 3-graviton coupling is a fundamental property of quantum gravity, that
cannot be violated even by fine tuning.
This poses a clear question for quantum field theory: Why, in some class of large-N
CFTs, must the stress tensor 3-point functions 〈TTT 〉 be tuned to a particular form?
In a general 4d CFT, there are three independent terms:
〈TTT 〉cft = ns〈TTT 〉s + nf 〈TTT 〉f + nv〈TTT 〉v, (1.2)
where the 〈TTT 〉i are known tensor structures, fixed by conformal invariance, and
the ni are coupling constants [7]. Einstein gravity predicts one particular structure,
where only the overall coefficient is adjustable. So it imposes two relations on the three
coupling constants ns, nf , and nv [8, 9]. One of these relations can be stated in terms
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of the Weyl anomaly coefficients as
a = c . (1.3)
We will show how this universality arises in large-N CFTs in d = 4, under an
assumption about double trace operator contributions described below. The argument
is based on causality, like the gravity analysis of CEMZ. We consider the four-point
correlation function
G = 〈ψ ψ Tµν Tαβ 〉 (1.4)
where ψ is a scalar operator and T is the stress tensor. In [10–13] it was shown
that causality of this correlation function, in the lightcone limit, leads to the Hofman-
Maldacena conformal collider bounds [14]. For example, it constrains the anomaly
coefficients to lie within the window 1
3
≤ a
c
≤ 31
18
. In order to derive stronger constraints
such as (1.3) in large-N theories, we apply similar logic, but in different kinematics that
are designed to probe bulk locality. Applying the chaos bound derived by Maldacena,
Shenker, and Stanford [15], we show that causality of this 4-point function in large-N
CFT requires carefully tuned 3-point functions. The tuning agrees precisely with the
universal structure predicted by Einstein gravity, without higher curvature corrections.
The connection to chaos is that the 4-point function in Minkowski spacetime can be
viewed as a thermal correlator in Rindler space, and in this context, the bound on
chaos follows from analyticity and can be interpreted as a causality constraint.
The analysis closely follows the derivation of the averaged null energy condition in
[13], so it is tempting to interpret a = c as a generalized, holographic energy condition;
this may have interesting connections to recent work on holographic entanglement
[16, 17], just as the averaged null energy condition ties together entanglement and
causality in the lightcone limit [13, 18].
Our starting point is the assumption that there is a large gap ∆gap in the spectrum
of scaling dimensions for single-trace operators, since this is the case in any CFT with
a nice holographic dual. Otherwise, the effective field theory in the bulk cannot be
truncated to any finite number of fields. This condition, referred to loosely as a sparse
spectrum, has played a key role in much of the progress on understanding universality in
large-N CFT over the last several years. Most of this work has focused on two areas:
3d gravity from 2d CFT (for example [19–24]), and, in higher dimensions, applying
conformal bootstrap methods to investigate the emergence of bulk effective field theory
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(see in particular [25–41]). The latter program has focused mostly on the correlators
of scalar fields, though some results on spinning fields are also available [42, 43]. We
will rely heavily on the point of view taken in this approach, and aim to extend parts
of it, at the linearized level, to the graviton. One way to approach this would be
to solve the crossing equation for spinning operators, as was done for scalars in [28].
This would be necessary to find a detailed match to much of the gravity literature.
However, for the purpose of understanding the universal 3-point functions we will find
that it is not required, and take a different approach that does not rely on the details
of the crossing equation. Another approach to crossing in the gravitational sector has
been taken in [44] using supersymmetry, which reduces it to a problem with external
scalars. There are hints of similar universality, but in these theories a = c is fixed by
supersymmetry.
The argument for universality of 〈TTT 〉 has two aspects. First, we consider the con-
tribution to the correlator from the exchange of the stress tensor and all its conformal
descendants – that is, the stress tensor conformal block. In the Regge limit (as defined
and studied in [45–48]), we find that the stress tensor block produces contributions to
the four-point function that violate the chaos bound, unless the couplings are tuned
to their universal Einstein ratios. Specifically, the limit we take is the Regge limit (in
terms of conformal cross ratios, z, z¯ → 0) followed by a bulk point limit (z → z¯). This
is designed to probe local, high energy scattering deep in the bulk of the dual geometry.
The second step is to understand how this conformal block for stress tensor exchange
is related to the behavior of the full correlator, so this requires understanding the
contributions from other operators. If these other operators can be chosen to cancel the
causality violation from stress tensor exchange, then 〈TTT 〉 is not universal. We discuss
the various possibilities, and to some extent rule out the possibility that causality
violation can be fixed by any operators present below the gap:
• Low-spin operators with ℓ < 2. These do not affect the Regge limit, so can be
ignored.
• Spin-2, non-conserved operators, including double trace composites. These do
appear in known examples [48], and do affect the Regge limit, but we sketch an
argument that they cannot be used to cancel the causality violation from stress
tensor exchange in the smeared correlator if 〈TTT 〉 differs from Einstein gravity.
This argument is incomplete, so this is a potential loophole in the argument. Our
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conclusions about universality hold only under the assumption that the spin-2
double traces are indeed subleading in the smeared correlator.1
• Higher spin double trace operators. If present, these would also affect the Regge
limit. However we use the chaos bound and crossing to show that they cannot
appear at this order.
The final option is to add new single trace operators above the gap. There must be
an infinite number of such operators with arbitrarily high spin ℓ → ∞ in order to be
compatible with the chaos bound. In this case, we find that the constraints on the
3-point function must still hold to a good approximation, but not exactly; for example
the bound on the anomaly coefficients becomes
∣∣∣∣a− cc
∣∣∣∣ . ∆−2gap . (1.5)
This estimate agrees with the gravity result of CEMZ [3]. It is an estimate rather
than a strict bound, and it relies on the assumption that OPE coefficients of very
heavy operators are such that they can be ignored at the onset of the Regge regime.
It would be nice to prove this and to find a strict bound, as well as to understand the
relationship to the Regge intercept. Perhaps combining the methods here with [48]
would prove useful.
We begin by reviewing well known results about the structure of correlation func-
tions in large-N CFT in d > 2 dimensions in section 2. In section 3 we review the Regge
limit, the bulk point limit, and the chaos bound, then setup the kinematics that will
be used to extract constraints. In section 4 we compute the conformal block for stress
tensor exchange and evaluate the contribution in the Regge-bulk-point kinematics. The
discussion of universality, and to what extent the causality-violating contributions can
be cancelled by other operators, is in section 5.
2 Conformal block expansion at large N
This section is a brief introduction to conformal block methods in large-N CFT. It is
entirely review, mostly following [28, 32].
1This loophole was subsequently closed in [49].
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2.1 Crossing
In a conformal field theory, n-point correlation functions can be reduced to lower-point
functions by successive application of the operator product expansion (OPE) on pairs
of operators. By applying the OPE twice, a 4-point function can be decomposed as a
sum on conformal blocks. Consider external scalars, identical in pairs:
G = 〈O(x1)O(x2)ψ(x3)ψ(x4)〉 . (2.1)
The conformal block expansion is
G =
1
x2∆O12 x
2∆ψ
34
∑
p
cOOpcψψpg∆p,ℓp(z, z¯)
=
1
(x14x23)∆O+∆ψ
∑
q
c2Oψpg∆q,ℓq(1− z, 1 − z¯), (2.2)
where the sums are over primaries which appear in the OPE of both pairs of operators,
and the conformal block g∆,ℓ(z, z¯) contains contributions from the exchange of the
primary with scaling dimension ∆ and spin ℓ as well as all of its descendants. The
coefficients cijk are the couplings that appear in three-point functions 〈O1O2Op〉, and
the conformal cross-ratios z and z¯ are defined by
zz¯ =
x212x
2
34
x213x
2
24
and (1− z)(1 − z¯) = x
2
14x
2
23
x213x
2
24
. (2.3)
The second equality in (2.2), called the crossing equation, follows from two different
ways of applying the OPE. The conformal blocks are commonly depicted as
g∆p,lp(z, z¯) =
O
O Op ψ
ψ
, g∆q,ℓq(1− z, 1− z¯) =
O ψ
Oq
ψO
. (2.4)
The large-N expansion provides a useful perturbative framework at strong coupling.
Typically the parameter N arises from considering non-abelian gauge theories with a
large number of colors. Gauge invariant operators in these theories are obtained by
tracing over the gauge group indices, so they can be classified as single trace, double
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trace, and so on. In the large-N limit, correlation functions of single trace operators
factorize into 2-point functions at leading order:
〈Φ1Φ2...Φn〉 = 〈Φ1Φ2〉...〈Φn−1Φn〉+ permutations +O(1/N). (2.5)
In this section we assume that all 2-point functions are normalized to unity, 〈OiOj〉 ∼
δij , including the stress tensor, since this is most convenient for large-N counting. In
the rest of the paper, the stress tensor has canonical normalization 〈TT 〉 ∼ N2. The
coefficient in the canonically normalized stress tensor 2-point function is sometimes
denoted cT and referred to as a central charge; in four dimensions, it is proportional
to the Weyl anomaly c, so cT ∼ c ∼ N2.
For our purposes, the gauge theory origin of N plays no role, so we view (2.5) as
the definition of a large-N theory, and adopt the nomenclature ‘single trace’ to refer
to this special class of operators. At leading order, 3-point functions of single trace
operators vanish. Double trace operators are constructed schematically as
[ΦiΦj ]
n,ℓ
µ1...µl
∼ Φi()n∂µ1 ...∂µlΦj + · · · (2.6)
where the dots are similar terms chosen to make a conformal primary. At large N , the
scaling dimension of this composite operator is
∆n,ℓ = ∆i +∆j + 2n+ l + γn,ℓ, (2.7)
where the anomalous dimension γn,ℓ is ∼ 1/N2.
The conformal block expansion and the crossing equation can be organized order
by order in 1/N . At leading order, (2.1) factorizes,
G =
1
x2∆O12 x
2∆ψ
34
+O(1/N2) . (2.8)
In the channel OO → ψψ this is simply the contribution of the identity operator. Other
operator exchanges contribute at O(1/N2). The large-N counting for OPE coefficients
is
〈ψψ[ψψ]n,ℓ〉 ∼ 1 , 〈ψψΦ〉 ∼ 1/N , 〈ψψ[OO]n,ℓ〉 ∼ 1/N2 (2.9)
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where Φ is a different single trace operator. Higher traces can be ignored at this order.
Therefore the leading and subleading contributions, suppressing coefficients, are
G =
O
O 1 ψ
ψ
+
∑
Φ O
O Φ ψ
ψ
(2.10)
+
∑
n,ℓ O
O [ψψ]n,ℓ ψ
ψ
+
∑
n,ℓ O
O [OO]n,ℓ ψ
ψ
+O(1/N4) ,
where the first term is ∼ N0 and the others are ∼ 1/N2. Since the double trace
OPE coefficients already contribute a factor of 1/N2, the anomalous dimensions can
be dropped in this channel.
In the other channel, Oψ → Oψ, there is no identity exchange. Instead, the
leading term must be accounted for by the exchange of [Oψ] double trace operators.
At subleading order, there are three types of terms: single trace exchanges, corrections
to the OPE coefficients of 〈Oψ[Oψ]n,ℓ〉 that already appeared at leading order, and
anomalous dimensions of these double trace operators:
G =
∑
n,ℓ
(Pn,ℓ + δPn,ℓ + γn,ℓ∂∆)
O ψ
[Oψ]n,ℓ
ψO
+
∑
Φ
PΦ
O ψ
Φ
ψO
+ O(1/N4) ,
(2.11)
where the P ’s capture the leading and subleading OPE coefficients, and the block is
evaluated at the canonical scaling dimension. Again the first term is ∼ N0 and the
others are ∼ 1/N2.
Comparing (2.10) to (2.11) gives the crossing equation to order 1/N2. If we assume
that O and ψ are the only important single trace operators, and choose the dimension
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of ψ to be large so that [ψψ] can be ignored, then this equation becomes
O
O O ψ
ψ
+
∑
n,ℓ O
O [OO]n,ℓ ψ
ψ
=
∑
n,ℓ
(δPn,ℓ + γn,ℓ∂∆)
O ψ
[Oψ]n,ℓ
ψO
.
(2.12)
The story is similar if the external operators O carry spin. In this case, there are
multiple tensor structures in the 3-point function 〈OOOp〉, with independent coeffi-
cients, ck=1,2,...OOp . Since the full conformal block has two 3-point vertices, it is a sum of
terms proportional to products of OPE coefficients, cjOOpc
k
OOp [42,50]. Similarly, there
are several different types of double trace composites [OO]n,ℓ, corresponding to the dif-
ferent representations that can appear in the tensor product. The overall structure of
the crossing equation, and classification of terms that appear at O(1/N2), is otherwise
the same.
We will take O to be the stress tensor Tµν , and mostly focus on the contributions
to the left-hand side of (2.12). The crossed channel on the right-hand side will only be
used indirectly to bound the contribution of high spin double trace operators on the
left.
2.2 Sparseness and universality
In a holographic CFT, each low-dimension single trace primary corresponds to a bulk
field. If we expect the holographic dual to have an ordinary effective field theory
description, then we must assume that the number of such primaries is finite in the
N →∞ limit. This is referred to as a ‘sparse spectrum.’ In 2d CFT, it has played an
essential role in classifying holographic CFTs and understanding emergent universality
[22].
In the two-dimensional context, the definition of sparse is actually rather loose: we
only require the low-lying density of states to be sub-Hagedorn, ρ(∆) . e2π∆. An
intuitive way to understand why even an exponentially large number of light operators
have universal behavior is to note that the gravitational sector in 3d is fixed by Virasoro
symmetry up to an overall coefficient, the central charge. Higher curvature corrections
can therefore be absorbed into a field redefinition, so stringy corrections to the gravity
action play little role.
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In higher dimensions, universality is much more subtle. (See for example [51] for
a recent discussion.) The gravitational action has higher curvature corrections that
depend on the string tension, and cannot be absorbed into a field redefinition. There-
fore, to find universal behavior in CFT, we must impose a stronger restriction on the
spectrum, to ensure that the dual string states are heavy. In [28], it was conjectured
that universality is achieved in theories where the dimension of the lightest single-trace
operator of spin ℓ > 2 has dimension
∆gap ≫ 1 . (2.13)
We adopt this as our definition of sparse. Our goal is to understand how universality
in the (linearized) gravity sector arises in the ∆gap →∞ limit, and how non-universal
corrections are suppressed at finite but large ∆gap.
3 Sign constraints in the Regge limit
Consider the CFT correlation function
Glocal = 〈ψ(x3)ε1 ·T (x1)ε2 ·T (x2)ψ(x4)〉 (3.1)
where Tµν is the stress tensor and ψ is a scalar primary. The ε’s are null polarization
vectors, and ε·O ≡ εµεν · · ·Oµν···. The Regge regime is a Lorentzian limit of the 4-point
function with z, z¯ → 0, holding the ratio z/z¯ fixed [45–48]. One way to reach it is to
set2
x1 = (0, 1,~0) x2 = −x1 (3.2)
x3 = (t, y,~0) x4 = −x3
then take
v → 0, u→∞, uv fixed , (3.3)
where u = t − y, v = t + y. This is illustrated in figure 1. The operator ordering in
(3.1) is also important, since it specifies what path to take in the complex z and z¯
2All points and polarization vectors are written in Lorentzian components (t, y, ~x); Euclidean time
is τ = it.
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vu
Lightcone Limit
ψ
ψ
TT
vu
Regge Limit
ψ
ψ
TT
Figure 1: The lightcone limit is v → 0 with u fixed. The Regge limit is v → 0 with uv fixed.
In general, these limits do not commute.
planes in order to reach the Regge regime. The correct choice, with the ordering (3.1),
is to send z around the singularity at z = 1 before taking z, z¯ → 0 [46,47]. See [10] for
a general discussion of ordering and analytic continuation in Lorentzian QFT.
Let us set z¯ = ηz, so that z → 0 at fixed η is the Regge limit. Also suppose the
two polarizations are related by a Rindler reflection:
ε1 = ε2, V ≡ (−V t,−V y, ~V )∗ . (3.4)
Maldacena, Shenker and Stanford [15] showed that correlators of this type that behave
in the Regge regime as
Glocal ∝ 1 + 1
N
δGlocal, (3.5)
where 1/N is small parameter, obey two constraints. First, they can grow no faster
than the power δGlocal ∼ 1/z as z → 0, and second, Im δGlocal < 0 (for real z, z¯). This
is known as the chaos bound, due to Kitaev’s interpretation of this growth as Lyapunov
behavior [52]. It can also be interpreted as a causality constraint [3, 15]. Although we
inserted the local operator T (x1), the bound also applies when the T insertions are
smeared in the left and right Rindler wedges, with the smearing functions related by a
Rindler reflection.
The Regge version of the chaos bound requires large N , so that the correlator in the
Regge regime can be separated into the identity contribution plus a small correction,
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as in (3.5). Similar logic was adapted to general CFTs in [10] by taking the lightcone
limit, η → 0 with z fixed, instead of the large N limit. This can be done in any CFT
and leads to a derivation of the averaged null energy condition [13]. Although the
sign constraints follow the same logic as the chaos bound, the physics is different, as
the lightcone and Regge regimes are generally controlled by different sets of operators.
The lightcone limit is governed by operators of minimal twist, while the Regge limit
is dominated by high spin exchanges. Even in large N theories, the limits do not
generally commute, so the corresponding constraints are inequivalent. For example,
in theories with a stringy holographic dual, the lightcone growth is controlled by the
stress tensor, but the Regge growth is softened by string exchange. On the other hand
in a holographic CFT with an effective Einstein gravity dual, both limits are controlled
by stress tensor exchange. (This is discussed for example in [3, 15, 48].)
3.1 Wavepackets and the Regge-Bulk-Point double limit
Applying the bound with position-space insertions produces constraints on 3-point
functions, but they are not typically the strongest constraints that can be extracted
from this logic. In [13], a method was found to smear the T insertions in a way that
automatically produces optimal constraints in the lightcone limit. Our strategy here
will be to apply the same smearing in the Regge limit, in order to extract the optimal
constraints from the chaos bound. As described in [13], the idea is to insert wavepackets
centered at imaginary times,
xcenter = (iB, 1,~0) , B > 0 . (3.6)
The corresponding smeared operator is
Tµν(B) ≡
∫
dτdd−2~xe−((τ−B)
2+~x2)/D2Tµν(iτ, 1, ~x) , (3.7)
where D is the width of the wavepacket. We could instead conformally map the
wavepacket center to a real point in Minkowski spacetime and the analysis would be
identical, but the smearing procedure would be more complicated. We will see that
the wavepacket centers have real cross ratios, so this can be viewed as scattering of
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ordinary wavepackets. The Rindler reflection of this operator is
ε·T (B) =
∫
dτdd−2~xe−((τ−B)
2+~x2)/D2ε·T (iτ,−1, ~x) . (3.8)
Note that the imaginary time value is unchanged under Rindler reflection, which maps
t→ −t∗ [13].
Thus we are led to study the correlator
G =
1
N 〈ψ(t, y) ε·T (B)ε·T (B)ψ(−t,−y) 〉 (3.9)
with N ≡ 〈ψ(t, y)ψ(−t,−y)〉〈ε·T (B)ε·T (B)〉 > 0. The transverse arguments of ψ are
set to ~x = 0. As shown in [13], this correlator satisfies all of the assumptions of the
chaos/causality bounds, for |t| < |y| so that the ψ’s are inserted in the Rindler wedges.
To take the Regge limit, first let
u = 1/σ, v = −σB2ρ , (3.10)
with σ > 0, B > 0, ρ ∈ (0, 1). Then the Regge limit is σ → 0 with B, ρ fixed. Next,
we send B → ∞. This choice was motivated in [13] via the Hofman-Maldacena [14]
kinematics, and reflects the holographically dual AdS calculations, where probes are
typically inserted far from the shockwave. The resulting smeared correlator is a function
of σ and ρ, satisfying
0 < σ ≪ 1 , 0 < ρ < 1 . (3.11)
σ controls the distance from the Regge singularity. To give a physical interpretation
to ρ, consider the conformal cross ratio at the centers of the two wavepackets, i.e.,
x1 = x
center = (iB, 1), x2 = x
center = (iB,−1), x3 = (12(v+u), 12(v−u)), x4 = −x3 ,
(3.12)
with transverse coordinates ~x set to zero. These points, in the limit just described,
have cross ratios
z = 4σ, z¯ = 4ρσ . (3.13)
From this we can understand the meaning of ρ. As ρ → 0, we enter the lightcone
regime z¯ ≪ z ≪ 1. In this limit we expect to recover the Hofman-Maldacena bounds
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as in [13]. As ρ→ 1−, the wavepacket centers approach the double limit
z, z¯ → 0, z → z¯ . (3.14)
The first is the Regge limit, and the second is the ‘bulk point’ limit, which gets its
name from the fact that in holographic theories, it probes scattering at a point deep
in the interior of AdS [28,53–58]. This limit is our main interest and it is here that we
expect to recover the CEMZ causality constraints on 〈TTT 〉.3
3.2 The chaos bound
We will apply the chaos bound to these wavepackets. That is, we plug the kinematics
(3.10) into (3.9), subtract the disconnected piece, and take the limits:
δG(ε; ρ) ≡ lim
B→∞
lim
σ→0
σ(G− 1) . (3.15)
(Appendix B explains how to calculate the dominant contributions to the integrals in
a way that avoids integrating the Gaussian smearing factors.) The chaos bound [15]
is a general bound on certain correlations in a thermal quantum system. It actually
consists of two distinct inequalities: First, the correlations cannot change faster than
a certain rate, and the second, the sign of the leading correction is fixed. Vacuum
correlators in Minkowski spacetime, with insertions restricted to the Rindler wedges,
have a thermal interpretation, so the chaos bound applies. In this context, the bound
on the growth implies that the σ → 0 limit in (3.15) is finite, and the sign constraint
imposes
Im δG ≤ 0 . (3.16)
At this stage, the parameter ρ ∈ (0, 1) is arbitrary, but as mentioned above, we will
ultimately be interested in the bulk-point limit ρ → 1−. The chaos bound (3.16) is
interpreted as a causality constraint because if it is violated, then the 4-point correlator
is non-analytic in a regime where it should be analytic, and this leads to non-vanishing
commutators for spacelike separated operators (see [10] for further discussion).
3Note, however, that this is not exactly the bulk point singularity studied in [58], which in our
notation would lie at negative z, z¯. An advantage of studying the z ∼ z¯ enhancement at z, z¯ > 0 is
that the conformal block expansion is under better control, and in fact converges absolutely in the
crossed channel [10].
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4 Contribution of stress tensor exchange
A correlation function of local primary operators can be expanded in a sum of conformal
blocks. At order 1/N2,
〈ψ(x3)T (x1)T (x2)ψ(x4)〉 =
T
T 1
ψ
ψ
+
T
T T
ψ
ψ
+ double-trace + other .
(4.1)
As explained in section 2, the double trace contributions are composites [TT ] and [ψψ].
The ‘other’ terms consist of low-spin single trace operators, and heavy single trace op-
erators above the gap. In this section, we will calculate the contribution of the stress
tensor operator Tµν running in the intermediate channel, evaluate it in the Regge limit,
and show that generically it violates the chaos/causality bound (3.16). This contri-
bution is causal only if the coupling constants in 〈TTT 〉 take special values, namely
those predicted by Einstein gravity in AdS5. There are, however, other contributions
in the Regge limit; the question of whether the stress tensor exchange actually domi-
nates, or whether the causality-violating behavior can be cancelled by other operators,
is postponed to the next section.
To understand the contribution of stress tensor exchange, we first need the 3-point
functions 〈Tψψ〉 and 〈TTT 〉. The first is completely fixed by conformal invariance,
with overall coefficient cTψψ ∼ −∆ψ/
√
c. Here c ∼ N2 is the positive constant that
appears in 〈TT 〉 ∼ c. The 3-point function of three stress tensors has three possible
tensor structures in d = 4 [7]. We choose a basis of structures corresponding to free
scalars, free fermions, and free vectors, so that in complete generality,
〈TTT 〉 = ns〈TTT 〉scalar + nf〈TTT 〉fermion + nv〈TTT 〉vector , (4.2)
where ns, nf , and nv are three numerical coupling constants (generally non-integer).
Our conventions for the structures can be found in the appendices of [11]. We adopt
all of the normalizations and notation for conformal correlators and conformal blocks
described there.
The conformal block for TT → T → ψψ has three independent contributions,
corresponding to the three structures in 〈TTT 〉. These are calculated following [42,50].
Details and the final result in the Regge limit are in appendix A. The result, for the
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contribution of stress tensor exchange to the correlator
Glocal = 〈ψ(x3)ε·T (x1)ε·T (x2)ψ(x4)〉 , (4.3)
takes the form
Glocal|T = 1
(x34)2∆ψ
1
(x12)12
cψψTFT (εi, xi, z, z¯) , (4.4)
where FT is the conformal block given in the appendix. The coupling constants ns,f,v
have been included in the definition of the block. Unlike the scalar conformal block,
FT has explicit dependence on the xi via the tensor structures.
At this stage, it is convenient to choose the null polarization
ε = (1, 1, iλ, λ) (4.5)
ε = (−1,−1,−iλ, λ) ,
where λ is an arbitrary real number. This makes it particularly easy to read off the
positivity conditions, as we will see below. Next, we do the integrals described in
section 3. Details are outlined in appendix B. The final result, dropping an overall
positive constant, is
δG = − iρ
σ(1− ρ)5
[
5ns(1 + ρ
2)− 60ρnf + (ns + 6nf + 12nv)ρ2(5− 4ρ+ ρ2)
]
(4.6)
− iρλ
2
σ(1− ρ)5
[−40nsρ+ 10nf (9 + 6ρ+ 9ρ2) + 2(ns + 6nf + 12nv)ρ(−10 + 15ρ− 12ρ2 + 3ρ3)]
− iρλ
4
σ(1− ρ)5
[− 5(ns + 6nf )(3− 8ρ+ 3ρ2)− 120ρnf
+ (ns + 6nf + 12nv)(15− 40ρ+ 45ρ2 − 24ρ3 + 6ρ4)
]
.
Now let us ask under what conditions this contribution to δG obeys the chaos bound. Al-
though (4.6) is for the special polarization (4.5), it actually encodes the full set of positivity
conditions on δG: we simply require each power λ0, λ2, and λ4 to individually satisfy Im
δG ≤ 0. This ensures that Im δG is non-positive for arbitrary (not necessarily null) symmet-
ric tensor polarizations, as shown in appendix C.
Expanding in the lightcone limit ρ→ 0, the analysis reduces to the case considered in [13].
The correlator is
δG ∼ −i ρ
σ
(ns + 18nfλ
2 + 36nvλ
4) . (4.7)
The positivity conditions agree with the Hofman-Maldacena conformal collider bounds [14]:
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ns ≥ 0, nf ≥ 0, nv ≥ 0. These constraints were previously derived by deep inelastic scattering
in [59], by lightcone bootstrap methods related to the present analysis in [11, 12], and from
monotonicity of relative entropy in [18]. In this limit, the method we have just described is
identical to that in [13].
In the bulk point limit, it is more convenient to write the answer in a different basis of
3-point functions. Define
t0 = ns + 6nf + 12nv, t2 = nf − 2nv, t4 = ns − 4nf + 2nv . (4.8)
In AdS5, the corresponding structures in 〈TTT 〉 are those produced by the Einstein term, the
Gauss-Bonnet term, and the R3 correction, respectively (also note t0 ∝ c). Taking ρ → 1−,
(4.6) becomes
δG ∼ − it4
σ(1− ρ)5 (1− 4λ
2 + λ4)(1 +O(1− ρ)) (4.9)
− 5it2
6σ(1 − ρ)3 (1− 3λ
2 + 6λ4)(1 +O(1− ρ))
− it0
12σ(1 − ρ)(1 + 6λ
2 + 6λ4)(1 +O(1− ρ))
In the leading term, the coefficients of λ0, λ2, and λ4 cannot all be positive, so this obeys the
chaos bound only if
t4 = ns − 4nf + 2nv = 0 . (4.10)
Then the (1− ρ)−3 term dominates, and this imposes
t2 = nf − 2nv = 0 . (4.11)
Assuming that these causality-violating terms from stress tensor exchange are not cancelled
by other operators (see below), it follows that the stress tensor 3-point functions ns, nf , and
nv must obey these two constraints, t4 = t2 = 0. Only one free parameter remains, and it
is fixed by the Ward identity in terms of the coefficient of the stress tensor 2-point function.
So in fact there are no free parameters in the stress tensor 3-point function.
The quantities t2 and t4 are proportional to the couplings of the same names in the
conformal collider literature [14]. Setting them to zero means that the bulk contains only
the Einstein term. Therefore our results are in perfect agreement with the gravity analysis
of [3]. The δG in (4.6) has the same format as the time delay computed there, though we are
working in the different gauge; the translation between gauges is in appendix C.
In four dimensions, the anomaly coefficients a and c are related to the couplings in 〈TTT 〉.
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Their ratio is
a
c
=
ns + 11nf + 62nv
3(ns + 6nf + 12nv)
. (4.12)
Therefore setting t2 = t4 = 0 also imposes
a = c . (4.13)
5 Discussion
We have demonstrated that the exchange of the stress tensor conformal block leads to terms
that, taken alone, violate the chaos bound. This is a mathematical fact about conformal
blocks, which in itself does not refer to any particular theory. It is a property of the conformal
algebra. It is physically relevant in theories where (i) this term can actually be trusted in the
conformal block expansion, and (ii) it is not cancelled by the contributions of other operators.
In a typical small-N CFT, the conformal block expansion breaks down before the Regge
limit and we cannot trust this contribution. So in this case, there are no constraints on t2,
t4 beyond the usual Hofman-Maldacena conditions reproduced above in the lightcone limit.
On the other hand, in a large-N theory with a sparse spectrum, the conformal block
expansion is reliable even in the Regge limit, order by order in 1/N . The basic structure was
reviewed in section 2. The terms we have calculated are suppressed by 1/N2, and although
they are enhanced by powers of 1/σ and 1/(1 − ρ), the order of limits is such that these
contributions are small everywhere we have used them. Therefore, in these theories, the
contribution of the stress tensor in (4.6) is a reliable contribution to the correlator in a
controlled expansion. How, then is causality preserved?
One simple possibility is that t2,4 are exactly zero, as in maximally supersymmetric theo-
ries, or vanish at leading order in 1/N . In this case there is no need to add any new operators
at this order. This corresponds to a holographic dual where the higher curvature corrections
are suppressed by loop factors. We will focus instead on the case where t2,4 are not 1/N sup-
pressed, so that the causality problem must be resolved at the same order. This corresponds
to classical higher curvature terms in the bulk.
The question, then, is whether the problematic terms from stress tensor exchange can be
cancelled by other operators. Low spin exchanges have no 1/σ enhancement in the lightcone
limit, so these won’t help. One possibility is that new single trace operators are added to
the theory, and these start to dominate the correlator before the stress tensor contribution
causes trouble. We consider this scenario first, then return to (and to some extent rule out)
the other possibilities below. The discussion mirrors the analogous gravity results in [3].
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5.1 Higher spin operators
Consider the exchange of operators with spin ℓ > 2, in addition to the stress tensor. If
there is a finite number of such operators, with maximal spin ℓmax, then the dominant Regge
behavior is ∼ σ1−ℓmax . This violates the chaos bound, so this scenario is not allowed. This
argument applies to both single-trace and double-trace operators.
So to avoid making the causality problem even worse, we must add an infinite number
of higher spin exchanges, either single-trace or double-trace, with arbitrarily high spins. We
postpone the discussion of double trace operators for now, and consider the scenario where
causality is saved by the exchange of an infinite tower of new, higher spin operators, not built
from composites of ψ and T . This can certainly do the trick, since this is the expectation
from string theory in the bulk. Let us estimate the size of the corrections to the formulas
t2 = t4 = 0 if we include higher spin operators with large scaling dimensions, but not large
enough to compete with the 1/N expansion:
N ≫ ∆gap ≫ 1 . (5.1)
We will also assume a large gap in the twist spectrum, i.e., that these higher spin operators
have ∆≫ ℓ. The contribution of a high dimension, high spin operator O in the Regge-bulk-
point limit scales as
δGO ∼ i
σℓ−1
ρ(∆gap−ℓ)/2
(1− ρ)5 . (5.2)
The power of ρ is easily checked for external scalars, and since the spinning blocks are built
by acting on the scalar blocks with a fixed number of derivatives [50], it appears also for
external stress tensors. There are also large numerical factors in this expression, which we
must assume are cancelled by small OPE coefficients. This is essentially the assumption that,
even after adding these higher spin operators, the initial onset of Regge behavior is controlled
by the stress tensor, rather than the higher spin operators. Then for ρ = 1− ǫ with ǫ≪ 1,
δGO ∼ i
σℓ−1
e−ǫ(∆gap−ℓ)/2
ǫ5
. (5.3)
Therefore such operators are exponentially suppressed in the conformal block expansion, but
‘turn on’ as we approach the bulk point limit ǫ → 0, and begin to dominate the correlator
for ǫ . 1/∆gap. It follows that we cannot actually send ǫ → 0 in the argument that led to
t4 = t2 = 0; instead the strongest reliable constraints come from setting ǫ ∼ 1/∆gap. The
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form of the stress tensor contribution found above was, schematically,
δG ∼ − i
σǫ
(
± t4
ǫ4
± t2
ǫ2
+ c
)
(5.4)
with c ∼ ns + 6nf + 12nv, and the different sign choices came from different polarizations.
Therefore, setting ǫ ∼ 1/∆gap and requiring Im δG ≤ 0 implies
∣∣∣∣t4c
∣∣∣∣ . 1∆4gap ,
∣∣∣∣t2c
∣∣∣∣ . 1∆2gap . (5.5)
These scalings match the predictions of [3] based on the gravity analysis, where graviton
exchange is corrected by massive higher spin fields, which contribute only at very small
impact parameter. The upper bound on a− c is generically set by t2 ≫ t4, so
∣∣∣∣a− cc
∣∣∣∣ . 1∆2gap . (5.6)
There are hints in the literature that even a small value of a− c may have a fixed sign under
certain circumstances, both from string theory examples [60–65] and from general arguments
[66, 67]. Such a constraint is not evident from our analysis but it would be interesting to
explore this further. Perhaps the effective field theory argument in [67], which involves
calculating the contributions from integrating out massive states, has a CFT analogue.
5.2 Non-conserved spin-2 operators
Now we turn to the question of whether the causality-violating contributions can be canceled
by other operators already present in the light spectrum, without adding an infinite tower
of higher spin states above the gap. First we consider additional, non-conserved spin-2
operators. These could be new single traces, or the double-trace operators already present in
the spectrum: [ψψ]n,2 and [TT ]n,2.
Can these spin-2 operators cancel the causality-violating term? In position space, the
answer is yes: double trace spin-2 operators modify the leading Regge behavior [48]. However,
we suspect that this is impossible after smearing the 4-point function. As mentioned in the
introduction, we have not found a proof of this statement, but we will explain why it is
plausible. The conclusion that the stress tensor 3-point function is universally fixed to the
Einstein form holds only under the additional assumption that spin-2 double-trace operators
are indeed projected out by the smearing procedure.
The rough intuition behind this assumption is that our 4-point correlator is constructed
from high-momentum wavepackets. In a holographic theory, these wavepackets should effec-
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tively travel on geodesics, and the contribution to a Witten diagram from geodesic propaga-
tion has no double traces. Clearly this argument is sensitive to the smearing procedure, and
would not apply to the position-space correlator in the Regge limit, so it does not contra-
dict [48].
Finally, let us sketch one possible way to check this assumption. Non-conserved spin-
2 operators couple to two stress tensors differently than conserved spin-2 operators, i.e.,
〈TTX〉 has a different set of tensor structures from 〈TTT 〉. So we cannot expect to balance
conserved operator exchange against any individual non-conserved operator exchange. In
appendix D we demonstrate this for particular examples of a single spin-2 operator. With
multiple spin-2 exchanges of various dimensions, there are more tunable parameters available,
and with special choices it might be possible to restore causality in the correlator 〈ψψTT 〉
without setting t2 = t4 = 0. However, there may still be incurable causality violations
in the correlator of four stress tensors, 〈TTTT 〉. (On the bulk side, the argument that
massive spin-2 particles cannot save causality also required all four external particles to be
gravitons [3].) The conformal block for TT → T → TT can be obtained by acting with
derivatives on φφ→ T → TT [42, 50], so this will also have causality-violating contributions
proportional to t2 and t4. Suppose we pick some particular polarization for two of the T ’s —
the two responsible for the shockwave, taking the place of ψ — and then tune the couplings of
〈TTX〉 so that causality is preserved in this particular 4-point function. We can then modify
the kinematics slightly, by smearing the shockwave T ’s or taking derivatives. This will affect
the T exchange and X exchange differently, because X is non-conserved, and therefore upset
the delicate balance among coupling constants that was necessary for causality. (An identical
argument was used in the bulk [3].) To complete this argument, it would be necessary to
show that smearing the shockwave does not affect the leading terms, t2 and t4 that appear
in the constraints.
5.3 Higher spin double trace operators
Lastly, we return to the possibility that the infinite sum over double-trace operators [TT ]n,ℓ
and [ψψ]n,ℓ with ℓ > 2 cancels the problematic term from stress tensor exchange. (In a
holographic theory, the dual question is whether the results of [3] can be modified by an
infinite sum of contact terms, without any new propagating states.) That is, we turn on
t2,4 6= 0, and try to restore causality by adding higher spin exchanges without the introduction
of any new single trace primaries. We will argue that this is incompatible with crossing
symmetry. The argument is similar to [28] (section 7). Roughly, the idea is that the high
spin double trace sum is ‘too analytic’ to affect the Regge behavior – it can only be modified
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by adding new poles or cuts to the correlator.
To satisfy the chaos bound, the sum cannot be truncated at any finite spin, so we must
turn on the OPE coefficients cψψ[TT ](n, ℓ) and/or cTT [ψψ](n, ℓ) for ℓ → ∞. First we would
like to understand under what circumstances this infinite sum can alter the Regge behavior
of the correlator
G(z, z¯) = 〈Tµν(0)Tρσ(z, z¯)ψ(1)ψ(∞)〉 . (5.7)
(A nice solveable example where something like this occurs is 2d CFT with higher spin
symmetry [24].) The sum of [TT ] exchanges takes the form
∑
m,n≥0
zmz¯n (am,n(z, z¯) + bm,n(z, z¯) log(1− z)) , (5.8)
where the am,n and bm,n are analytic at z = 1 and include the tensor structures. The exchange
of [ψψ] is similar. In the Euclidean regime, each term in this sum is regular as z, z¯ → 0. The
Regge singularity comes from going to the second sheet, log(1− z)→ log(1− z)− 2πi, so it
comes entirely from the log term,
− 2πi
∑
m,n≥0
zmz¯nbm,n(z, z¯) . (5.9)
In the Regge limit z ∼ σ, z¯ ∼ σ, σ → 0, the contribution of a given primary is ∼ σ1−ℓ, so this
is a sum of increasingly singular terms. For this sum to behave as ∼ 1/σ, as it must to cancel
the contribution we found from the stress tensor, the sum in (5.9) must diverge at small σ.
Otherwise, it is a convergent Laurent series that can be analyzed term by term. This implies
that there is a non-analyticity (a singularity or branch point) elsewhere in the z-plane. The
convergent expansion in the other channel Tψ → Tψ requires this non-analyticity to be at
z = 1. The first term in (5.8) has the same leading behavior as the log term, so it must also
be non-analytic at z = 1.
So the conclusion is that in order to affect the Regge behavior without violating the chaos
bound, the first term in (5.8) must be non-analytic at z = 1. But, in a theory where the only
exchanges are the stress tensor and double trace operators, this would violate crossing. In the
dual channel, Tψ → [Tψ]n,ℓ → Tψ, the sum is over non-negative, integer powers of (1 − z)
and (1 − z¯). The only non-analyticity is the log(1 − z) coming from anomalous dimensions.
Comparing the non-log terms in the s and t channels, we see that the first term in (5.8) must
be analytic at z = 1. The comparison can be done by approaching this point from |z| > 1,
where both sides converge.
Note that the argument in this subsection does not apply to the exchange of an infinite
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tower of spin-2 operators, which can satisfy the chaos bound without introducing any new
non-analyticity at z = 1. It also does not apply to an infinite tower of higher-spin single
traces, since these are allowed to be non-analytic at z = 1. Therefore it does not conflict with
the results of [48], showing that both spin-2 double traces and towers of higher spin single
traces do indeed modify the Regge behavior.
5.4 Summary
To recap, we have shown that the stress tensor conformal block leads to causality-violating
contributions to 〈ψψTT 〉, proportional to the coupling constants t4 and t2 that appear in
〈TTT 〉. Only the tensor structure corresponding to Einstein gravity in AdS5 obeys the
chaos bound. Therefore, if t4 or t2 is nonzero, this contribution must be cancelled by other
operators – non-conserved spin-2, an infinite tower of high-spin double trace operators, or an
infinite tower of new single trace exchanges. We gave a partial argument that non-conserved
spin-2 operators cannot cure the causality violation because of the different way in which
non-conserved operators couple to the stress tensor. Crossing symmetry was used to rule out
a cure using high spin double trace operators. This leaves the scenario with an infinite tower
of new single trace operators above ∆gap, as in holographic theories with a string theory
dual. Assuming that the OPE coefficients of high spin operators are small enough that we
can trust our analysis, we showed that the causality constraints are relaxed, but only by
terms suppressed parametrically by powers of ∆gap. All of these conclusions align nicely with
the expectations from effective field theory in AdS5, with higher curvature terms suppressed
by the masses of higher spin particles.
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A Conformal block in the Regge limit
In this appendix we give the conformal block for stress tensor exchange in the correlator
〈T (x1)T (x2)ψ(x3)ψ(x4)〉 . (A.1)
It is calculated on a computer using the method of [50]. Many of the intermediate steps
are described in [11]; only the final limit is different (now Regge instead of lightcone). The
final result is an expression consisting of tensor structures, cross ratios z and z¯, and various
combinations of the Dolan-Osborn scalar conformal blocks [68] and their derivatives. In order
to approach the Regge point, these are evaluated on the 2nd sheet, i.e., after sending
log(1− z)→ log(1− z)− 2πi (A.2)
in the Dolan-Osborn blocks. The conformal tensor structures appearing the correlator are
defined by
Hij = −2xij.ǫjxij .ǫi + x2ijǫi.ǫj (A.3)
Vijk =
x2ijxik.ǫi − x2ikxij.ǫi
x2jk
.
With our choice of kinematics, these structures are regular in the Regge limit, and obey
several relations in their leading terms so that they can be written as
V123 = a+ αb+O(α)2 (A.4)
V124 = a− αb+O(α)2
V213 = f + αg +O(α)2
V214 = f − αg +O(α)2
H12 = h.
Here α is a formal power-counting parameter, keeping track of the Regge limit. To take the
limit we send α → 0, scaling z ∼ α and z¯ ∼ α. The result is the conformal block for stress
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tensor exchange in the Regge limit:
FT = − 2560iπz¯
3cT z(z − z¯)9
[
(z + z¯)2
(
216nfa
2f2z2
(
2z2 + zz¯ + 2z¯2
)
(z − z¯)2 + 864nva2f2z2(z − z¯)4
)
+3456nvz
2
(
bg(h− 2af) + a2g2 + b2f2)+ 288nvz¯h (10z2 − 5zz¯ + z¯2) (bf − ag)
+540nfafz
2
(
z3 + 2z2z¯ + 2zz¯2 + z¯3
)
(ag − bf) + 216nfb2f2z2
(
3z2 + 4zz¯ + 3z¯2
))
+1920nsbgz
2
(
2z2 + 3zz¯ + 2z¯2
)
(bf − ag) + 3456nvafz2(z − z¯)4(ag − bf)
)
+48b2f2
(
3z4 + 8z3z¯ + 13z2z¯2 + 8zz¯3 + 3z¯4
)
+ 480b2g2
(
3z2 + 8zz¯ + 3z¯2
))
+ 4(z − z¯)2 (−6nsh (6z5 − 26z4z¯ + 9z3z¯2 − 15z2z¯3 + 7zz¯4 − z¯5) (bf − ag)
+ 4nsz
2
(
a2f2
(
19z6 + 48z5z¯ + 87z4z¯2 + 112z3z¯3 + 87z2z¯4 + 48zz¯5 + 19z¯6
)
+ (z + z¯)
(
8640nfbgz
2(z − z¯)2(bf − ag)
+48a2g2
(
3z4 + 8z3z¯ + 13z2z¯2 + 8zz¯3 + 3z¯4
)
−96abfg (7z4 + 17z3z¯ + 22z2z¯2 + 17zz¯3 + 7z¯4)
+12af
(
9z5 + 23z4z¯ + 38z3z¯2 + 38z2z¯3 + 23zz¯4 + 9z¯5
)
(ag − bf)
+ 9h2(z − z¯)6 (nf (3z2 − 16zz¯ + 8z¯2)+ 8nv (3z2 − 4zz¯ + 2z¯2))
+nsafh
(
14z6 − 56z5z¯ + 9z4z¯2 − 14z3z¯3 − 28z2z¯4 + 18zz¯5 − 3z¯6)
−48nsbgz2h
(
2z2 − 9zz¯ + 2z¯2)+ 216nfa2g2z2 (3z2 + 4zz¯ + 3z¯2)
−216nfabfgz2
(
11z2 + 18zz¯ + 11z¯2
)
+ (z − z¯)4 (−36nfh (21z3 − 19z2z¯ + 20zz¯2 − 4z¯3) (bf − ag)
+18nfafh
(
15z4 − 16z3z¯ − 5z2z¯2 + 16zz¯3 − 4z¯4)
−2160nfbgz2h+ nsh2
(
z4 − 20z3z¯ + 61z2z¯2 − 48zz¯3 + 12z¯4)
−144nvaf z¯h
(
4z3 + 5z2z¯ − 4zz¯2 + z¯3))
]
. (A.5)
cT is the normalization of the stress tensor 2-point function, following the conventions
of [42, 50] (as summarized in the appendices of [11]).
B Integrals
In this appendix we describe how to do the integrals in (3.15). First, in general, we can
rewrite this expression in a way that avoids gaussian smearing functions by exchanging
limits and integrals. In the large-B limit, one of the wavepacket integrals gives just an
overall volume factor, so we can fix one of the T insertions at its central value and only
smear the other T . Then, by taking the B →∞ limit first, we can drop the gaussians
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entirely, as in [14]. So instead of calculating δG as written in (3.15), we can calculate
δA(ε; ρ) ≡
∫
dτd2~x lim
B→∞
lim
σ→0
σ (B.1)
× 〈ψ(u, v) ε·T (iB,−1,
~0) ε·T (i(B + τ), 1, ~x)ψ(−u,−v) 〉disconnected
〈ψ(u, v)ψ(−u,−v)〉
with u, v set by (3.10). δA agrees with δG up to a positive constant. The ‘disconnected’
subscript indicates that we should drop the contribution of the identity conformal block,
TT → 1→ ψψ.
In the limit σ ≪ 1/B ≪ 1, the conformal cross ratios are
z = σ
[
2(1 + ρ)− iτ(1 − ρ) +
√
−4ρ(4 + r2 + τ 2)− (2i+ τ + ρ(2i− τ)2
]
, (B.2)
z¯ = σ
[
2(1 + ρ)− iτ(1 − ρ)−
√
−4ρ(4 + r2 + τ 2)− (2i+ τ + ρ(2i− τ)2
]
.
Here we used the definition (2.3), with points in (B.1) labeled in the order 3,2,1,4. The
tensor structures, as expressed in (A.4), are
a = −2 + iτ + λ(y2 + iy1)
b = ρ(2− iτ)2 − y21 + λ(y1 − iy2)(−2i(ρ+ 1)− ρτ + τ)− y22
f = −2 + iτ + λ(−y2 + iy1)
g = −ρ(2 − iτ)2 + y21 + λ(y1 + iy2)((ρ− 1)τ + 2i(ρ+ 1)) + y22
h = 2(2− iτ) (2 (λ2 + 1)− i (−λ2τ + τ + 2λy1)) , (B.3)
with the transverse directions denoted ~x = (y1, y2). The integrand in (B.1) comes
from plugging these expressions into the conformal partial wave (x12)
−12FT . All of the
integrals can be done analytically. We first convert the transverse directions to polar
coordinates and do the transverse integrals. The result consists of rational functions
of τ , and rational functions multiplied by log(2 ± iτ). The integral over τ is then
done analytically. The result up to an overall positive numerical factor is (4.6). The
complete calculation of the integrals is provided in the Mathematica notebook included
with the arXiv submission.
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C Translation to transverse polarizations
In section 4, we computed the correlator δG with a particular choice of polarizations
ε, ε given in (4.5), and found a result of the form
− iδG = g0 + g2λ2 + g4λ4 . (C.1)
Symmetries only allow three different polarization tensor structures in the final answer,
so these three coefficients contain the full information about the integrated correlator
for arbitrary polarizations. In this appendix we convert to a symmetric traceless tensor
polarization eij satisfying e · yˆ = 0. This is necessary in order to prove that g2 ≥ 0 (the
other two constraints are obvious already in the form (C.1), since we can set λ = 0 or
λ→∞ to isolate those terms).
The symmetries of the problem are identical to the energy correlator calculation of
Hofman and Maldacena after a rotation by π/2 in the Euclidean τy-plane [13], so the
result must take the form
− iδG = C(e · e)
[
1 + tˆ2
(
eije
i
kn
jnk
e · e −
1
3
)
+ tˆ4
(
(eijn
inj)(ekln
knl)
e · e −
2
15
)]
, (C.2)
where e · e = eij · eij , n = itˆ. This also contains the full information about arbitrary
polarizations, so we can translate between the two by converting this to general polar-
izations using the projector onto transverse traceless tensors, then contracting with ε,
ε. For example, with µ running over all coordinates and i running over (t, ~x), the first
term is converted as
eije
ij → eαβeγδ
[
1
2
(δαγ − nαnγ)(δβδ − nβnδ) + (α↔ β)− 1
3
(δαβ − nαnβ)(δγδ − nγnδ)
]
→ (ε.ε− ε.nε.n)2 − 1
3
(ε.n)2(ε.n)2 (C.3)
=
2
3
+ 4λ2 + 4λ4 .
Following the same procedure for the other structures gives the mapping between (C.2)
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and (C.1):
g0 =
4
9
C
(
3
2
+
tˆ2
2
+
4tˆ4
5
)
(C.4)
g2 = 2C
(
2 +
tˆ2
3
− 4tˆ4
15
)
g4 = 4C
(
1− tˆ2
3
− 2tˆ4
15
)
Comparing to [14] (equation (2.38)), we see that the three coefficients g0,2,4 correspond
to the three combinations in (C.2) that must be positive in order to have iδG ≥ 0 for
arbitrary polarizations. This mapping is also useful to compare our expressions to the
notation used in the calculations of bulk time delays [3].
D Causality violation from non-conserved spin-2
exchange
In this appendix we illustrate why stress tensor exchange cannot be cancelled by a
non-conserved spin-2 operator in the specific case of ∆X = 8. (An identical story
applies to ∆X = 6.) In d = 4, 〈TTT 〉 has three allowed structures, but 〈TTX〉 has
only two. The corresponding 3-point coupling constants will be denoted β1 and β2.
In addition to modifying the allowed structures, there is also explicit ∆X dependence
in the conformal block FX , which introduces constant coefficients as well as factors of
(z¯/z)∆X . Adding the T -block from (4.6) to the X-block, the total leading contribution
in the Regge-bulk-point limit takes the form
δG ∼ i
(1− ρ)5


t4 + cXβ1
−4 (t4 + cXβ1)
t4 + cXβ1

+ i(1− ρ)4


t4 + cX(β1 + a1β2)
−4 [t4 + cX(β1 + a2β2)]
t4 + cXβ1

+ · · · (D.1)
We have organized the constrained combinations multiplying λ0, λ2, and λ4 into a
column vector, and defined cX ∼ cψψX/cψψT up to a positive constant. The ai are
constants. Note that the leading term in FX is identical to the leading term in FT ,
up to a constant. This is because (z/z¯)∆X → 1 in the Regge-bulk-point limit. Now
we apply the chaos bound. The leading term is causal only if it vanishes, so set
cX = −t4/β1 and proceed to the subleading term. This sets β2 = 0. Finally, the
28
order (1 − ρ)3 terms (not written) can be expressed in terms of just the stress tensor
couplings, t2 and t4, and requiring these terms to be positive sets t2 = t4 = 0.
We should also consider sums of many different spin-2 operators Xi, each with its
own set of couplings. In this case, with enough parameters it may be possible to cancel
the causality violating terms in FT , and it seems to rule this out would require an
analysis of the stress-tensor 4-point function, 〈TTTT 〉, as discussed in section 5.
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